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We give an exact solution of the quadratic gravity in D dimensions. The solution is
a plane-fronted wave metric with a cosmological constant. This metric solves not only
the full quadratic gravity ﬁeld equations but also the linearized ones which include the
linearized equations of the recently found critical gravity. A subset of the solutions change
the asymptotic structure of the anti-de Sitter space due to their logarithmic behavior.
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I. INTRODUCTION
Quadratic deformations of Einstein’s gravity have always attracted attention since the inception
of general relativity for various reasons. Initial motivation was to understand the uniqueness of
general relativity, but later on it was realized that perturbative quantum gravity required these
terms [1]. Generically, quadratic gravity theories at the linearized level describe massless and
massive spin-2, and massive spin-0 modes. Massive spin-2 mode ruins perturbative unitarity due
to its ghost nature. Recently, a new interest in quadratic theories arose, since it was shown that
in three dimensions the ghost disappears [2], and in D-dimensions in the anti-de Sitter (AdS)
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2background, certain quadratic theories become “critical” with only a massless spin-2 excitation
just like the Einstein gravity [3, 4]. These observations led us to consider exact solutions to the
quadratic gravity models. The existence of a cosmological constant changes the structure of the
ﬁeld equations and the solutions dramatically. For example, the plane wave metric solves all higher
order gravity ﬁeld equations coming from string theory with zero cosmological constant [5, 6]. With
a cosmological constant this does not work; however, if one starts with a plane-fronted AdS-wave
[7, 8], one may have exact solutions to quadratic curvature gravity models as we show below.
In general, save the Schwarzschild–anti-de Sitter solution, no exact solution is known in generic
quadratic gravity theories. In some speciﬁc theories, such as the Einstein-Gauss-Bonnet theory,
some static spherically-symmetric solutions are known [9]; in the new massive gravity of [2], AdS-
wave solutions were found in [10], and types D and N solutions were found in [11]. In this paper,
in generic D-dimensions, we ﬁnd the AdS-wave solutions for general quadratic theories including
the critical gravity. By construction, our exact solutions also solve the linearized wave equations.
The layout of the paper is as follows: In Sec. II, we brieﬂy review the quadratic gravity theory
and speciﬁcally the critical gravity in D-dimensions. In Sec. III, we discuss the AdS-wave metric,
compute the Riemann and the relevant tensors, and derive the ﬁeld equations. In Sec. IV, we
present the solutions of the ﬁeld equations deferring one rather cumbersome case to the Appendix.
II. CRITICAL POINTS OF QUADRATIC GRAVITIES
This work was inspired by the critical gravity models [3, 4] which are a certain subset of quadratic
curvature gravities. Therefore, we will brieﬂy recapitulate these models. The action of the quadratic
gravity is
I =
ˆ
dDx
√−g
[
1
κ
(R− 2Λ0) + αR2 + βR2µν + γ
(
R2µνσρ − 4R2µν +R2
)]
. (1)
The (source-free) ﬁeld equations were given in [12, 13] as
1
κ
(
Rµν − 12gµνR+Λ0gµν
)
+ 2αR
(
Rµν − 14gµνR
)
+ (2α+ β) (gµν−∇µ∇ν)R
+2γ
[
RRµν − 2RµσνρRσρ +RµσρτR σρτν − 2RµσR σν −
1
4
gµν
(
R2τλσρ − 4R2σρ +R2
)]
+β
(
Rµν − 12gµνR
)
+ 2β
(
Rµσνρ − 14gµνRσρ
)
Rσρ = 0. (2)
The two AdS vacua of the theory satisfy
Λ− Λ0
2κ
+ fΛ2 = 0, f ≡ (Dα+ β) (D − 4)
(D − 2)2 + γ
(D − 3) (D − 4)
(D − 1) (D − 2) . (3)
Around any of these vacua, the linearized equations read [12]
cGLµν + (2α+ β)
(
g¯µν¯− ∇¯µ∇¯ν + 2Λ
D − 2 g¯µν
)
RL + β
(
¯GLµν −
2Λ
D − 1 g¯µνR
L
)
= 0, (4)
for the metric perturbation hµν ≡ gµν − g¯µν . Here, GLµν is the linearized Einstein tensor, and c is
given by
c ≡ 1
κ
+
4ΛD
D − 2α+
4Λ
D − 1β +
4Λ (D − 3) (D − 4)
(D − 1) (D − 2) γ. (5)
3The critical theory is obtained as follows: One chooses 4α (D − 1) +Dβ = 0, which then kills
the massive spin-0 mode, and sets RL = − 2ΛD−2h = 0. Then, in the transverse gauge ∇µhµν = 0,
the linearized equations simplify to (
β¯+ c
)
GLµν = 0, (6)
or more explicitly(
¯− 4Λ
(D − 1) (D − 2) −M
2
)(
¯− 4Λ
(D − 1) (D − 2)
)
hµν = 0, (7)
where
M2 = − 1
β
(
c+
4Λβ
(D − 1) (D − 2)
)
, (8)
and the point M2 = 0 deﬁnes the critical point where one is left only with a massless spin-2
excitation.
III. AdS-WAVE METRIC
The quadratic ﬁeld equations are highly nontrivial, therefore the form of the metric ansatz
is important in ﬁnding solutions. Here, we take the D-dimensional AdS-wave metric (which is
conformally related to the pp-wave metric) to be in the Kerr-Schild form [14, 15] as
gµν = g¯µν + 2V λµλν , (9)
where g¯µν is the metric of the AdS space. The vector λµ = gµνλν = g¯µνλν is assumed to be null
and geodesic with respect to both g¯µν and gµν , that is [16]
λµλ
µ = gµνλµλν = g¯
µνλµλν = 0, λ
µ∇µλν = λµ∇¯µλν = 0. (10)
The inverse metric can be found as
gµν = g¯µν − 2V λµλν , (11)
which is an exact form. Here, note the similarity with a perturbation analysis where the metric
perturbation is deﬁned as hµν ≡ gµν − g¯µν ; and, at the linearized level, the inverse metric becomes
gµν = g¯µν − hµν . Now, let us choose the coordinates on AdS to be in the conformally ﬂat form
g¯µν = φ
−2ηµν , (12)
where φ = kµxµ, kµ is a constant vector, and we choose the ﬂat space coordinates as xµ =
(u, v, x1, · · · , xn) with n = D− 2. This choice of g¯µν simpliﬁes the construction. Here, u and v are
null coordinates, hence more explicitly
ηµνdx
µdxν = 2dudv +
n∑
m=1
(dxm)2 . (13)
Then, the vector kµ = (0, 0, k1, · · · , kn) is related to the cosmological constant as
R¯µν =
2Λ
D − 2 g¯µν , Λ = −
(D − 1) (D − 2)
2ℓ2
, (14)
4where 1ℓ2 ≡
n∑
m=1
kmkm > 0, hence we will be working only with Λ < 0 (note that to conform with
the usual notation, we introduced the AdS radius ℓ). With this coordinate choice, λµ naturally
becomes
λµdx
µ = du⇒ λµ∂µ = φ2∂v. (15)
The function V is assumed not to depend on v, that is
λµ∂µV = 0. (16)
This choice is extremely important; since, with it, hµν ≡ 2V λµλν becomes transverse ∇µhµν =
∇¯µhµν = 0 and traceless h ≡ gµνhµν = g¯µνhµν = 0. Furthermore, as we show below by explicit
calculations, the parts of the curvature tensors which are quadratic in V drop out with this choice.
It is also important to realize that if V = c(u)φ2 , then gµν corresponds to just a coordinate transformed
version of g¯µν . This is clear since in this case, one can simply deﬁne (u, v˜) in such a way that the
two-dimensional subspace metric c (u) du2 + 2dudv becomes 2dudv˜. This fact will play a role in
deciding how our solutions should decay at inﬁnity.
We are now ready to compute the Riemann tensor. The connection corresponding to gµν splits
into two parts
Γµαβ = Γ¯
µ
αβ +Ω
µ
αβ , (17)
where Γ¯µαβ is the Levi-Civita connection corresponding to g¯µν , which reads as
Γ¯µαβ = −
1
φ
(
δµα∂βφ+ δ
µ
β∂αφ− g¯αβ g¯µν∂νφ
)
. (18)
The nontrivial part of the connection is given as
Ωµαβ = λ
µ
(
λα∂βV + λβ∂αV + 2V ∇¯βλα
)
− λαλβ∂µV. (19)
The null vector λµ with ∂µλν = 0 satisﬁes the following equations, which are frequently used in
the computations:
∇¯νλµ = 1
φ
(λµ∂νφ+ λν∂µφ), ¯λµ =
1−D
ℓ2
λµ, g¯
µν
(
∇¯µλα
) (
∇¯νλβ
)
=
1
ℓ2
λαλβ, (20)
where ¯ ≡ g¯µν∇¯µ∇¯ν . The Riemann tensor reduces to
Rναβγ = R¯
ν
αβγ + ∇¯βΩνγα − ∇¯γΩνβα. (21)
Note that the
(
ΩνβσΩ
σ
γα − ΩνγσΩσβα
)
part of the Riemann tensor becomes zero, since the explicit
calculation of ΩνβσΩ
σ
γα yields a symmetric tensor in β and γ indices
ΩνβσΩ
σ
γα = −λβλγλνλα∂σV
(
∂σV +
2V
φ
∂σφ
)
. (22)
After a lengthy computation, one ﬁnds the Riemann tensor as
Rναβγ =R¯
ν
αβγ −
2λν
φ2
λ[β∂γ]∂α
(
V φ2
)
+
2λν
φ3
λ[β g¯γ]α∂ρφ∂
ρ
(
V φ2
)
+
2λα
φ3
λ[β∂γ]
(
V φ2
)
∂νφ
+ 2λαλ[β
(
∂γ]∂
νV +
1
φ
∂γ]V ∂
νφ− 1
φ
δνγ]∂ρφ∂
ρV
)
, (23)
5where as usual 2A[µBν] ≡ AµBν − AνBµ. Then, the Ricci tensor Rµν ≡ Rρµρν and the curvature
scalar can be computed as
Rµν =
2Λ
D − 2gµν −Hλµλν , R =
2DΛ
D − 2 , (24)
where H is deﬁned as
H ≡ 4
φ
∂ρV ∂
ρφ+ ¯V +
4V
φ2
∂ρφ∂
ρφ+
4Λ
D − 2V. (25)
The following two relations will be used in the ﬁeld equations
Rµν = −
(
¯H +
4− 2D
ℓ2
H +
4
φ
∂ρH∂
ρφ
)
λµλν , (26)
 (V λµλν) =
(
¯V +
4− 2D
ℓ2
V +
4
φ
∂ρV ∂
ρφ
)
λµλν . (27)
With our metric ansatz, the ﬁeld Eqs. (2) split into two parts in the form Agµν +Bλµλν . Trace
of this equation yields a relation between the eﬀective cosmological constant and the parameters of
the theory exactly given as (3), where we have used R = 2DΛD−2 and R
2
τλσρ−4R2σρ+R2 = 4Λ
2D(D−3)
(D−1)(D−2) .
Observe that the λµλν part does not contribute to the trace equation. To obtain the rest of the
ﬁeld equations, the nontrivial computation is the contraction of two Riemann tensors, that is the
RµσρτR
σρτ
ν term. After a lengthy computation, one obtains
RµαβγR
αβγ
ν =
8Λ
(D − 1) (D − 2)
(
Rµν − Λ
D − 2gµν
)
, (28)
and similarly,
RµσR
σ
ν =
4Λ
D − 2
(
Rµν − Λ
D − 2gµν
)
, RµρνσR
ρσ =
2Λ
D − 1
(
Rµν +
2Λ
(D − 2)2 gµν
)
. (29)
Finally, the remaining ﬁeld equations become(
β¯+ c
)
(Hλµλν) = 0, (30)
where H was given in (25). Observe the similarity of this equation to (6). Then, using
¯ (λµλν) =
4Λ
D − 1λµλν , ∇¯ρ (λµλν) =
1
φ
(2λµλν∂ρφ+ λρλν∂µφ+ λρλµ∂νφ) , (31)
we get
λµλνβ
(
¯+
4
φ
∂σφ∂σ +
4 (D − 3) Λ
(D − 1) (D − 2) −M
2
)(
¯+
4
φ
∂ρφ∂ρ +
4 (D − 3) Λ
(D − 1) (D − 2)
)
V = 0, (32)
where M2 is deﬁned as (8). Therefore, the exact equations of the quadratic gravity reduces to a
linear fourth-order wave equation. One can show that putting hµν = 2V λµλν in (4) yields (32).
When M2 = 0, the theory reduces to the linearized equations of the critical theory of [3, 4]. There
is a ﬁne point here: In the critical theory, to get rid oﬀ the massive scalar mode, one imposes a
relation between α and β, 4α (D − 1) + Dβ = 0; but here these parameters are arbitrary, since
RL ≡ R − R¯ vanishes identically for the AdS-wave metric. In the next section, we discuss the
solutions of (32) in detail.
6IV. SOLUTIONS OF THE FIELD EQUATIONS
The Eq. (32) is of the form
(
¯+
4
φ
∂σφ∂σ + b
)(
¯+
4
φ
∂ρφ∂ρ + a
)
V = 0, (33)
with a = 4(D−3)Λ(D−1)(D−2) and b = a−M2, which are obviously equal for M2 = 0. Whether M2 = 0 or
not changes the behavior of solutions dramatically, therefore we will discuss these cases separately.
A. The a 6= b case
One can deﬁne V = Va + Vb in such a way that each part satisﬁes the corresponding second
order equation (
¯+
4
φ
∂ρφ∂ρ + a
)
Va = 0,
(
¯+
4
φ
∂ρφ∂ρ + b
)
Vb = 0. (34)
Without loss of generality, let us choose only the nth component of the kµ vector to be nonvanishing;
and deﬁne z = xn, then φ = zℓ . With this choice, the quadratic equation reduces to
(
¯+
4
φ
∂ρφ∂ρ + a
)
Va =
(
z2
ℓ2
∂2 +
6−D
ℓ2
z∂z + a
)
Va = 0, (35)
where ∂2 ≡ ηµν∂µ∂ν . Note that the Vb equation is similar. Using the separation of variables
technique as Va ≡ Ψa
(
u, x1, x2, · · · , xn−1)Φa (u, z), we can split the quadratic equation into two
parts: (
~∇2 + χa
)
Ψa
(
u, x1, x2, · · · , xn−1
)
= 0,[
z2
d2
dz2
+ (6−D) z d
dz
+
(
aℓ2 − χaz2
)]
Φa (u, z) = 0, (36)
where χa is an arbitrary real number at this stage and ~∇2 ≡
∑n−1
i=1
∂2
∂(xi)2
. Note that the ∂
2
∂u∂v term
does not appear because of the v-independence of the solution. On the other hand, the solution will
have an arbitrary dependence on u. Depending on the boundary conditions, χa can be continuous
or discrete. Then, a formal solution will be of the form
Va
(
u, x1, x2, · · · , xn−1, z
)
=
ˆ
dχaA(χa)Ψa
(
u, x1, x2, · · · , xn−1;χa
)
Φa (u, z;χa)
+
∑
χa
BχaΨa,χa
(
u, x1, x2, · · · , xn−1
)
Φa,χa (u, z), (37)
where A (χa) and Bχa are arbitrary functions of u. Over the entire (u, v, x
i) ﬂat space, the ﬁrst
equation in (36) does not have bounded solutions when χa < 0. Therefore, we will take χa ≡ ξ2a ≥ 0.
Here, the discussion bifurcates whether ξa = 0 or not. Concentrating on the continuous case, ﬁrst
we start with ξa 6= 0. Then, the solutions are of the form
Ψa
(
u, x1, x2, · · · , xn−1
)
= c1 (u) sin(~ξa.~r + c2 (u)), (38)
7where ~ξa is an arbitrary vector with magnitude ξa, and ~r =
(
xi
)
. Now, we come to the second
equation in (36) which is in the form of the modiﬁed Bessel equation for D = 5, and can be
converted to this form for any other D by the following redeﬁnition:
Φa (u, z) ≡ z
D−5
2 fa (u, z) , (39)
which then yields [
z2
d2
dz2
+ z
d
dz
−
(
ν2a + ξ
2
az
2
)]
fa (u, z) = 0, (40)
where νa = 12
√
(D − 5)2 − 4aℓ2. For generic D and nonvanishing ξa, the solution is given as
Φa (u, z) = z
D−5
2 [c3 (u) Iνa (zξa) + c4 (u)Kνa (zξa)] , (41)
where Iν and Kν are the modiﬁed Bessel functions of the ﬁrst and second kind, respectively. Vb will
have the similar solutions with νb = 12
√
(D − 5)2 − 4bℓ2 = 12
√
(D − 1)2 + 4ℓ2M2. As we discussed
in Sec. III, we require the solution to go like 1z2 at the boundary z = 0; the modiﬁed Bessel
functions approach z → 0 as Iν (z) ∼ zν , Kν ∼ z−ν and K0 ∼ − ln z. Therefore, we keep both
c3 and c4. It is important to realize that νa and νb are real. This is automatically satisﬁed for νa
since a = −2(D−3)ℓ2 , and νa = ±12 (D − 1). The reality of νb puts a constraint on M2 which is
M2 ≥ −(D − 1)
2
4ℓ2
. (42)
This bound is exactly equivalent to the Breitenlohner-Freedman (BF) bound on the mass of a
scalar excitation in AdS [17]. When the bound is saturated, νb = 0 and logarithmic solutions arise.
For the sake of completeness, let us write the solution
V (u,~r, z) =z
D−5
2 [ca,1 (u) Iνa (zξa) + ca,2 (u)Kνa (zξa)] sin(~ξa.~r + ca,3 (u))
+ z
D−5
2 [cb,1 (u) Iνb (zξb) + cb,2 (u)Kνb (zξb)] sin(~ξb.~r + cb,3 (u)). (43)
The full solution can be obtained by integrating the ﬁrst part of (43) with respect to ~ξa, and the
second part with respect to ~ξb as in (37). Here, ca,1 (u) and ca,2 (u) depend on ~ξa, and cb,1 (u) and
cb,2 (u) depend on ~ξb. In odd dimensions for D ≥ 5, c2,a should vanish, otherwise V is unbounded
at the boundary of AdS at z = 0. (Note that we do not worry about the disconnected component of
the boundary, which is just the single point z =∞, since this point just compactiﬁes the boundary
of AdS from RD−1 → SD−1.) For generic values of M2, νb is not an integer or an odd integer,
therefore in general c2,b must be kept.
Let us now consider the ξa = ξb = 0 case. [The case when only one of these parameters vanish
follows from the discussion above and the discussion below.] In this case, Ψa
(
u, x1, x2, · · · , xn−1) =
c (u) + ~q (u) .~r, but we take ~q (u) = 0 to have a bounded solution at |~r| → ∞. The other equation
reduces to (
z2
d2
dz2
+ z
d
dz
− ν2a
)
fa (u, z) = 0, (44)
whose solution is fa (z) = ca,1 (u) z|νa| + ca,1 (u) z−|νa|. Adding also the solution of the b equation,
one gets
V (u, z) = ca,1 (u) z
D−3 + ca,2 (u)
1
z2
+ z
D−5
2
(
cb,1 (u) z
|νb| + cb,2 (u) z
−|νb|
)
. (45)
8WhenM2 > 0, because of the last term the spacetime is not asymptotically AdS as one approaches
the boundary z = 0: Namely, V (u, z) ∼ cb,2 (u) z−(2+ǫ) where ǫ > 0, hence cb,2 (u) = 0. On the
other hand, when 0 > M2 > − (D−1)24ℓ2 , all the terms are allowed. When the BF bound (42) is
saturated, one has (νb = 0)
V (u, z) = ca,1 (u) z
D−3 + ca,2 (u)
1
z2
+ z
D−5
2
[
cb,1 (u) + cb,2 (u) ln
(
z
ℓ
)]
, (46)
which yields an asymptotically AdS metric.
Up to now, we have implicitly assumed D > 3, but in fact our expressions are also valid for
D = 3 for which (45) and (46) reduce to the results given in [10].
B. The a = b case which includes the critical theory
In this case, a = −2(D−3)ℓ2 and Va , as found above (43), is a solution, but this is not the only
solution: One should consider the full quadratic theory;
(
z2∂2 + (6−D) z∂z − 2 (D − 3)
)2
V = 0. (47)
Deﬁning W ≡ (z2∂2 + (6−D) z∂z − 2 (D − 3))V ; so that, (z2∂2 + (6−D) z∂z − 2 (D − 3))W =
0, since we know the solution of the latter equation from the above discussion, we can simply
consider the nonhomogeneous equation, where W is a source term. The ξ 6= 0 case is somewhat
cumbersome and not particularly illuminating, therefore we defer it to the Appendix, and here
study the ξ = 0 case. Then, the solution to the quadratic equation is
W (u, z) = c1 (u) z
D−3 + c2 (u) z
−2. (48)
The nonhomogeneous equation becomes(
z2∂2 + (6−D) z∂z − 2 (D − 3)
)
V = c1 (u) z
D−3 + c2 (u) z
−2, (49)
which after rescaling V (u, z) = z
D−5
2 f (u, z) can be transformed to
(
z2
d2
dz2
+ z
d
dz
− (D − 1)
2
4
)
f (z) = c1 (u) z
D−1
2 + c2 (u) z
1−D
2 . (50)
The general solution of this equation is
V (u, z) = d1 (u) z
D−3 +
d2 (u)
z2
+
1
D − 1
(
c1 (u) z
D−3 − c2 (u)
z2
)
ln
(
z
ℓ
)
, (51)
which was also obtained recently in [18], in the context of D-dimensional Log gravity. For generic
D, the solution is not asymptotically AdS, unless c2 (u) vanishes. For D = 3, this equation again
reduces to the corresponding expression given in [10].
V. CONCLUSIONS
We have found exact AdS-wave solutions in the generic quadratic gravity theory with a cosmo-
logical constant. The metrics we have found also solve the linearized ﬁeld equations of the same
9theory. When we restrict the quadratic theory by choosing M2 = 0, which boils down to eliminat-
ing one of the parameters of the quadratic theory, the solutions we found in this case also solve
the critical gravity theory deﬁned recently. Depending on the value of M2, asymptotic behavior
of the solution changes dramatically. Energy and some other physical properties of our solutions,
and their conformal ﬁeld theory duals need to be investigated. It would also be interesting to take
the solutions presented here as background and study the spin-2 ﬂuctuations.
Finally, with adjusted Λ and M2, the metrics we have found will also solve any higher (cubic
or more) curvature gravity models and constitute an example of spacetimes studied in [19]. This
can be seen as follows: the linearized version of a generic gravity theory constructed from the
contractions of the Riemann tensor around AdS will be exactly of the form (4) which is solved by
the AdS-wave metrics obtained above. Since by construction the exact ﬁeld equations reduce to
the linearized equations for these solutions, AdS-wave solves the full nonlinear theory at any order
in the curvature.
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Appendix A: Solution for the Critical Theory with ξ 6= 0
Let us consider the a = b theory for the ξ 6= 0 case. The corresponding fourth-order equation
reduces to the quadratic nonhomogeneous equation;(
z2∂2 + (6−D) z∂z − 2 (D − 3)
)
V =z
D−5
2 [c1 (u) Iν (zξ) + c2 (u)Kν (zξ)] (A1)
×
[
c3 (u) e
i~ξ.~r + c4 (u) e
−i~ξ.~r
]
,
where ν = ±12 (D − 1), but we shall restrict to the positive ν case; and instead of the sines
and cosines we choose the exponentials. This equation can be solved with the help of the Green’s
function technique. First, we would like to take care of the ~r dependence using the Fourier transform
(for the sake of simplicity, here we choose ξ to be continuous, but the discrete case follows similarly)
V (u, z,~r) =
1
(2π)
D−3
2
ˆ
dD−3p V˜ (u, z, ~p) ei~p.~r, (A2)
then (A1) after deﬁning V˜ (u, z, ~p) = z
D−5
2 f (u, z, ~p), reduces to
[
z2
d2
dz2
+ z
d
dz
−
(
ν2 + p2z2
)]
f (u, z, ~p) = (2π)
D−3
2 [c1 (u) Iν (zξ) + c2 (u)Kν (zξ)] (A3)
×
[
c3 (u) δ
(
~ξ − ~p
)
+ c4 (u) δ
(
~ξ + ~p
)]
.
From the solutions of the homogeneous part, we can construct the Green’s function (OG = −1) as
G
(
z, z′; p
)
=
1
z′
{
Iν (zp)Kν (z′p) 0 < z < z′,
Iν (z′p)Kν (zp) z′ < z <∞,
(A4)
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where we have used the Wronskian W {Iν (pz)Kν (pz)} = −1z . Therefore, the solution of (A3)
becomes
f (u, z, ~p) = [d1 (u) Iν (zp) + d2 (u)Kν (zp)]
+ (2π)
D−3
2
[
c3 (u) δ
(
~ξ − ~p
)
+ c4 (u) δ
(
~ξ + ~p
)]
×
ˆ ∞
0
dz′G
(
z, z′; p
) [
c1 (u) Iν
(
z′ξ
)
+ c2 (u)Kν
(
z′ξ
)]
. (A5)
We can carry out the p integrals using
ˆ
dD−3p f (p) ei~p.~r = (2π)
D−3
2 r
5−D
2
ˆ ∞
0
dp f (p) p
D−3
2 J(D−5)/2 (pr) , (A6)
where Jn is the Bessel function of the ﬁrst kind. Since the Fourier transform of Iν (zp) di-
verges, we must choose d1 (u) = 0. For D = 4 and D = 5, d2 (u) must also be zero, since
the integral involving Kν (zp) diverges. Then, the integral involving Kν (zp) for D > 5 gives
z−ν 2F˜1
(
ν
2 − 1, 3ν2 − 1, ν − 1,− r
2
z2
)
where the second factor is the regularized hypergeometric func-
tion. As z → 0, this expression diverges. Therefore, for all D, there is no contribution from the
homogeneous part, and c2 (u) should vanish in the nonhomogeneous part since that term diverges
in the [0, z] integral, yielding ﬁnally
V (u, z,~r) =z
D−5
2
[
c1 (u) e
i~ξ.~r + c2 (u) e
−i~ξ.~r
]ˆ ∞
0
dz′G
(
z, z′; ξ
)
Iν
(
z′ξ
)
=z
D−5
2
[
c1 (u) e
i~ξ.~r + c2 (u) e
−i~ξ.~r
]
(A7)
×
[
Kν (zξ)
ˆ z
0
1
z′
Iν
(
z′ξ
)
Iν
(
z′ξ
)
dz′ + Iν (zξ)
ˆ ∞
z
1
z′
Kν
(
z′ξ
)
Iν
(
z′ξ
)
dz′
]
.
This solution is valid for a given ~ξ. The general solution can be obtained by integrating this
solution over the (D − 3)-dimensional ~ξ-space. Here, c1 (u) and c2 (u) also depend on ~ξ. Using
Mathematica, one can ﬁnd the integrals in terms of the hypergeometric function pFq (a; b; z) and
the digamma function ψ
ˆ z
0
dz′
1
z′
Iν
(
z′ξ
)
Iν
(
z′ξ
)
=
(ξz)2ν
22ν+1ν [Γ (ν + 1)]2
2F3
(
ν, ν +
1
2
; ν + 1, ν + 1, 2ν + 1; ξ2z2
)
, (A8)
ˆ ∞
z
1
z′
Kν
(
z′ξ
)
Iν
(
z′ξ
)
dz′ =
ξ2z2
8ν (ν2 − 1) 3F4
(
1, 1,
3
2
; 2, 2, 2 − ν, ν + 2; ξ2z2
)
− Γ (−ν) (ξz)
2ν
4ν+1νΓ (ν + 1) 2
F3
(
ν, ν +
1
2
; ν + 1, ν + 1, 2ν + 1; ξ2z2
)
− 1
2ν
[
ln
(
zξ
2
)
− ψ (ν)− 1
2ν
]
. (A9)
Speciﬁcally, for D = 4, that is ν = 32 , around z = 0, one has
V (u, z,~r) ∼
[
c1 (u) e
i~ξ.~r + c2 (u) e
−i~ξ.~r
]
ξ3/2z [ln (ξz)− 1.3963] , (A10)
which gives an asymptotically AdS metric.
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